This paper discusses an application of dual algebra to the analysis of human knee joint stiffness matrix. According to the proposed methodology, the general stiffness matrix characterizing the elasticity properties of the knee ligaments is reduced to a dual diagonal stiffness matrix. For this purpose, the similarity transform was extended to the field of dual numbers. The theoretical framework proposed seems particularly useful when comparing stiffness matrices obtained from different experimental setup and within different Cartesian coordinate systems.
Introduction
From a biomechanical point of view, the knee joint is an elasto-kinematic structure. It means that the relative motion between the bones is influenced not only by the contact shapes but also by the soft tissues contribution. For this reason, the actual screw movement of the joint is dependent from the elastic compliance. In the human knee joint, the main contribution to the stability and to the stiffness properties is due to the presence of the ligaments.
Starting from the physical and mechanical characterization of these structure, 1,2 each ligament is modeled by means of a line spring or a series of line springs. The tibia and the femur are considered rigid bodies.
In the last 10 years, literature has recorded several investigations on the knee joint elasticity, and an exhaustive review is outside the scope of this paper.
More recent contributions on knee biomechanics are due to Abdel-Nasser et al. 3 They modeled the ligament structures by means of the absolute nodal coordinate formulation (ANCF). The near incompressibility of the ligaments was considered by introducing a Neo-Hookean strain energy function.
Guess 4 proposed a multibody dynamics model where the ligaments were represented with nonlinear spring-damper elements with insertions and zero-load lengths derived from experimental measurements. The menisci elasticity was represented by 6 Â 6 stiffness matrices. The model was validated also using data gathered from a loaded cadaver knee.
In vitro measurements based on cadaver experiments are altered by many factors such as the absence of muscles interaction. For this reason, modern techniques focus on in vivo validation. McFaull and Lamontagne 5 proposed an experimental procedure to obtain the in vivo passive elastic moment on a knee joint and an equation to estimate the mean angular damping coefficient.
Recently, an in vivo-validated 3D knee dynamic model has been proposed by Akbar et al. 6 An equivalent stiffness was introduced to simplify a Kelvin viscoelastic model of the cartilage. Ligaments were modeled as bundle of nonlinear tensile springs. The muscles were modeled as strings with a prescribed tension.
Using static radiography and dynamic fluoroscopy, Saevarsson et al. 7 measured knee kinematics after total knee arthroplasty. Great behavior differences were detected in static and dynamic kinematics of the knee joint.
For a given mechanical system, in the Cartesian Space, the stiffness properties can be represented by a symmetric 6 Â 6 matrix. First, Ball 8 and then Dimentberg 9 used the screw theory for the analysis of rigid body motion and the computation of the stiffness matrix associated to a rigid body suspended by linear springs connected in parallel.
In a thoughtful contribution on modeling of elastically suspended bodies, Fasse 10 represented the strain potential energy by a quadratic function of dual quaternion displacement. Viscous constitutive equations expressed in terms of dual numbers were also introduced.
Because of the arbitrariness of the reference frame adopted in the analysis, the results of different works are not directly comparable. From this consideration, there is the necessity of adopting analytical approaches, based on a normalized form of the stiffness matrix, to obtain frame-independent stiffness properties. 10 A starting point of these analytical approaches is represented by the concept of center of stiffness proposed by Loncaric 11, 12 to decouple the stiffness associated with the translational and rotational motions.
The Principle of Transference of dual algebra allows an extension of this concept to the dual space. By associating a dual vector to each line spring of the system, a 3 Â 3 symmetric dual matrix stiffness is obtained. Subsequently, by computing its dual eigenvalues and dual eigenvectors, 13 it is possible to evaluate a normalized form of the stiffness dual matrix which decouples maximally the translational stiffness from the rotational one. 14 In this investigation, a normalized form of the human knee joint stiffness matrix is presented. The matrix components are expressed within the framework of Clifford dual algebra. The model is linear and valid for small motions about equilibrium configurations.
In particular, within the hypotheses of linear elasticity and small displacements, an attempt is made to analyze the dual stiffness matrix of the human knee joint. Our methodology has been applied to the stiffness models of Crowninshield et al. 2 and Abdel-Rahaman and Hefzy. 1 The authors are aware that a linear elastic model cannot faithfully represent the complex behavior of the knee ligaments. This is also witnessed by the experimental evidence and by the nonlinear functions proposed to represent the elasticity of a knee joint that undergoes large rotations.
However, under small displacements about equilibrium configurations, the constant stiffness approximation is considered feasible for a preliminary analysis.
The computation of the dual stiffness matrix has been implemented using Ch programming language. 15, 16 The stiffness matrix A linear elastic system can be modeled as a rigid body connected to the ground by springs arranged in parallel. In such a system, the stiffness matrix K ½ is a linear map which relates wrench and twist. Such linear map is defined as follows
where dW f g 6Â1 is the infinitesimal change in load (wrench) while dq È É 6Â1 is the infinitesimal displacement (twist). The stiffness matrix K ½ is a 6 Â 6 symmetric matrix that can be partitioned as follows
In this partition, the blocks K t ½ and K r ½ are 3 Â 3 symmetric matrices; generally K t ½ is defined the translational stiffness matrix while K r ½ is the rotational stiffness matrix. The 3 Â 3 coupling stiffness matrix K c ½ is a non-symmetric. Each subscripted quantity is origin dependent; besides, considering an elastic system in a loaded configuration, the stiffness matrix results to be asymmetric. 17 Linear and torsional springs
Consider the system represented in Figure 1 , showing a rigid body suspended by linear springs connected in parallel. When the system is in an unloaded configuration, the springs are not stretched. The stiffness associated with the ith spring is
where k i is the scalar spring stiffness
denotes the unit line vector, with s i f g unit vector, in the direction of the ith spring line of action.
The stiffness matrix of the whole spring system, characterized by n linear springs connected in parallel, can be computed as follows
Similarly, the stiffness matrix for a rigid body attached to torsional springs of stiffness k i
The center of stiffness
The elements of the stiffness matrix depend on the choice of coordinate frame. Loncaric 11, 12 has shown that it is possible to distinguish a particular and suitable coordinate frame which led us to define the center of stiffness. Let us consider a symmetric stiffness matrix K ½ expressed by
where the diagonal blocks, K t ½ and K r ½ , are 3 Â 3 symmetric ones while the off-diagonal blocks are non-symmetric. If tr½K t is not an eigenvalue of K t ½ , then K c ½ , the coupling stiffness matrix is symmetric at an unique point known as center of stiffness. 11, 12 In particular, assuming the origin of the coordinate frame in this point the maximum decoupling between translational and rotational stiffness is achieved.
Let us denote, respectively, by R ½ and p È É the cosine direction matrix and displacement vector which define the position of a new Cartesian reference frame.
Introduce the 6 Â 6 adjoint matrix adjH ½
where R ½ is an orthonormal 3 Â 3 matrix andp ½ and the skew-symmetric matrix associated to vector p È É . In the new Cartesian reference frame, with the origin in the center of stiffness, the stiffness matrix is
The location of the center of stiffness can be computed from (9) by requiring that the coupling stiffness matrix, ½K c be symmetric. In particular, assuming the stiffness matrix K ½ defined by the following relation ð10Þ through a linear displacement p and an appropriate rotation R of the Cartesian reference frame, we can obtain the following form of the matrix The diagonal form of the stiffness dual matrix
The Principle of Transference 9 allows the extension of this algorithm to the dual space. Given a mechanical system composed of a rigid body connected to the ground by springs in parallel, the dual stiffness matrix can be computed. Through an appropriate transform, this stiffness can be expressed in a diagonal form in order to decouple the different stiffness modes. In the following sections, the main steps of the proposed algorithm are presented.
Characterization of the system geometry
The first step is represented by the characterization of the system geometry such as the insertion points of the springs on the rigid body and to the ground (or on another rigid body assumed to be the fixed element of the system). Once the insertion points have been fixed, a proper dual vectorv i f gcan beassociated toeach springof the system. The dual vector is in the form
where the vector OA i f g joins the origin of the coordinate frame to the insertion point of the ith spring to the ground.
Computation of the stiffness dual matrix
The stiffness ½ b K i associated to each spring is expressed bŷ
where k i represents the stiffness of the ith linear spring. Therefore, considering a system composed of two rigid bodies, connected by n linear springs in parallel, the dual stiffness matrix of the entire system can be computed as followŝ
The stiffness matrix is a 6 Â 6 symmetric one, whereas the dual stiffness matrix is a 3 Â 3 symmetric expressed bŷ
where K ½ and K o ½ are the real and dual parts, respectively.
Computation of the eigenvalues and the eigenvectors of the stiffness dual matrix
After the dual stiffness matrix has been evaluated, its dual eigenvalues i ¼ þ " o and the associated dual eigenvectorsê i f g ¼ e i f g þ " e o i È É are computed by means of the following equation
After separating the real and the dual parts, from (16) one obtains
where the normalization conditionê f g Tê f g ¼ 1 holds.
Once the eigenvalues and the eigenvectorsê f g have been computed, we obtain the orthogonal eigenvector matrix ½Ê
required to diagonalize the dual stiffness matrix ½K.
By applying the dual similarity transform, one obtainŝ
where ½K 0 is a diagonal 3 Â 3 with the following structure
Computation of motion parameters from the dual transformation matrix
The dual matrix ½Ê characterizes the rigid displacement of the Cartesian reference frame into a new position. Within this new Cartesian reference frame, the dual spring stiffness is diagonal. From (18), the dual Euler parametersê 0ê1ê2ê3 È É of this motion are obtained.
Dual angle and screw axis, located by the unit dual vectorĥ, of the finite helical motion can be expressed as functions of dual Euler parameterŝ 
Numerical examples
The methodology herein discussed has been applied to the knee elastic models of Abdel-Raham and Hefzy 1 and Crowninshield et al. 2 The insertion sites are obtained in the Cartesian reference systems shown in Figure 2 .
The computation of the dual stiffness matrix, and its following handling, in these examples have been implemented using the Ch programming language, a programming language developed by Cheng, 16, 18, 19 making use of the linear dual algebra routines developed by Pennestrı`et al. 13, 20, 21 
Model of Abdel-Raham and Hefzy
The theory presented in the previous sections has been applied to compute the stiffness dual matrix associated to the knee joint.
A CAD model of the knee joint and its ligaments is shown in Figure 3 . In particular, the model proposed by Abdel-Raham and Hefzy 1 was considered.
The model of knee joint considered is the model proposed by Abdel-Raham and Hefzy. The tibia and the femur are modeled as two rigid bodies; the femur is assumed to be the fixed element while the tibia is the moving one.
The cartilage deformation is assumed to be relative small compared with joint motions. Besides, friction forces are neglected because of the low coefficient of friction of the articular surfaces. In such a model, the resistance to motion is essentially due to the ligaments structures. The ligaments are modeled with 12 spring elements, representing the ligaments and the capsular tissue posterior to the knee joint; in particular, the fiber bundles of anterior cruciate ligament (ACL) is represented by two elements and the other two elements represent the posterior cruciate ligament (PCL). The medial collateral ligament (MCL) is modeled as three elements while the lateral collateral ligament (LCL) is represented by one elastic element. Finally, four elements represent the fiber bundles of the posterior part of the capsule (CAP). These elements are represented in Figure 4 .
The insertion sites of the ligaments on the femur and the tibia are assumed according with the data available in literature and reported in Table 1 .
It is necessary to observe that in this model, the wrapping of the ligaments on the bone structures in not considered. Hence, the ligaments are represented as line elements extending from the femur surface to the tibial one.
Although the force-elongation relationship of the ligaments results to be non-linear globally, we can assume that near the equilibrium position this relationship can be assumed linear. The values of the stiffness coefficients of the spring elements used to model the different ligamentous structures were assumed according to the data available in literature. For completeness, the numerical stiffness data according to Abdel-Rahaman and Hefzy model 1 have been summarized in Tables 1 and 2, respectively. In the cited bibliographical reference, the ligaments are considered as a neo-Hookean material. Since our analysis is limited to small displacements, it has been assumed that the strain is less than 0.03. Within this limit, a linear relationship between applied stress and strain is reported by Abdel-Rahaman and Hefzy.
Applying the algorithm presented in the previous section, we are able to compute the stiffness dual matrix ½K which is defined as 
Femoral attachments Tibial attachments
Material properties Figure 5 ) are reported in the Table 2 . The ligament stiffness are those reported by Hefzy and Abdel-Rahaman. From the matrix ½Ê, we can compute the dual Euler parameters. In particular, we obtain the following resultŝ Model of Crowninshield et al.
The second model of knee joint considered in this work is the model proposed by Crowninshield et al. 2 ; also in this model, the tibia and the femur are considered as two rigid bodies, but now is the tibia the fixed element, while the femur is considered to be free. The stiffness of the knee joint is due essentially to the ligamentous structures. The ligaments are modeled as 13 spring elements. In particular, the ACL is made up of two elements, as the PCL. The LCL is represented by one fiber while the medial one is modeled by four elements. The posterior capsular structure is modeled by four elements. These elements are represented in Figure 5 . The original paper does not report the ligament stiffness. For this reason, the stiffness adopted in our computations are the same of those reported in Ref. 1, as summarized in Table 2 .
The coordinates of the tibial and femural insertion sites of the ligaments are determined by the examination of anatomical specimens and represent an average of values obtained from seven different subjects. These coordinate values are reported in Table 2 .
The values of the stiffness coefficients of the spring elements used to model the different ligamentous structure were assumed according to the data available in literature.
Applying the algorithm just presented in the previous section, we are able to compute the stiffness dual matrix ½K which is defined aŝ 
Applying the similarity transformation
where ½Ê is the dual matrix whose columns are represented by the eigenvectors just computed, we obtain the diagonal form of the stiffness dual matrix as followŝ From the matrix ½R, we can compute the dual Euler parameters; in particular, we obtain the following resultŝ 
Conclusions
Given two bodies connected by means of linear springs, the proposed methodology allows the definition of a dual diagonal stiffness matrix. This approach provides a theoretical framework for comparing the numerical stiffness obtained by adopting different human knee models. In fact, the results are decoupled from the Cartesian coordinate system adopted for expressing the stiffness matrix. The usefulness of this framework is self evident when the stiffness matrix follows from different experimental measurement setup. In fact, one can compare different knee stiffness linear models in a framework independent from the Cartesian reference system. Another element of novelty of this paper is the application of the algorithm for the similarity transform of a dual stiffness matrix. The application focused on two linearly elastic models known in literature. The models compared have ligaments with the same stiffness but different points of attachment. Hence, the elastic forces will have different lines of actions. This explains the difference of results. The order of magnitude of the estimated dual stiffness values is somewhat similar.
The validity of our results is limited to small displacements in the neighborhood of an equilibrium configuration. In fact, the experimental evidence demonstrates that, for large rotation angles, the stiffness is not linear anymore and more complex constitutive equations are required.
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